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Abstract
Gravity in d dimensions is formulated as the gauge theory of local SO(2,d-1)
gauge group. The Chern-Pontryagin index P2n plays a crucial role in both gravity
and gauge theories. P2n(gravity) gives the gravitational Lagrangian in 2n dimen-
sions, having the vacuum solution AdS2n. The same but global symmetry is shared
with the gauge theories and 0,1-cochains of the Chern-Simon index C2n(gauge) take
part of CFT2n−1 and CFT2n−2, respectively. Gravity in odd dimensions is quite
analogously formulated to that in even dimensions. This gives new insights on
AdS/CFT correspondence.
1 Introduction
Gauge theory of gravity has been old and long standing theme since the seminal work
of Utiyama [1]. In his work, spin connection ωµab was introduced as the gauge field of
local Lorentz transformation, whereas the tetrad was treated as external field. The tetrad
was incorporated into ”gauge field” of the Poincare group by Kibble [2]. However, this is
restricted rather in formal analogy and left unclear the question why the tetrad transform
covariantly under the gauge transformation since the gauge fields Aµ transforms
AUµ = U
−1(x)AµU(x) + U
−1∂µU(x). (1.1)
If we hope to incorporate the metric tensor or tetrad (vielbein, in general) in the usual
gauge formulation, we must take the peculiar property of gravity into consideration, with
which the usual gauge fields do not share certainly2. One of the most important points
is the soldering of internal space of gauge symmetry of gravity with the external space.
1E-mail:fukuyama@se.ritsumei.ac.jp
2The metric was introduced from invariance under general coordinate transformations [3]
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This has no analogy in the other Abelian and non-Abelian gauge fields. So the gauge
theory of gravity must reflects this peculiarity. As we will show in this letter, SO(2,3)
gauge group satisfies these properties. We proposed the gauge theory of gravity in the
symmetry breking chain of the conformal (SO(2,4)) → SO(2,3) [4].
The conformal transformation,
dx′adx
′
a = (Ω(x))
−2 dxadxa (a = 1, .., d), (1.2)
in flat (1,d-1) dimensions corresponds to the ”enlarged” SO(2,d) symmetry which maps
d+2∑
1
Z2A = 0 (1.3)
into itself, where two ZA components are timelike. That is,
Z ′A = ΛA
BZB with ΛA
CΛC
B = k(Z)δBA . (1.4)
There appears no scale parameter and SO(2,d) is the maximal spacetime symmetry of
massless fields in d dimensional spacetime. We asserted that gravity is formulated as the
gauge theory of local SO(2,d-1), leaving
d+1∑
1
Z2A = −l2. (1.5)
invariant [4] [5] [6]. Real l measures the scale breaking from SO(2,d) with two timelike
ZA. Its vacuum solution AdSd has SO(2,d-1) symmetry, which is also global symmetry of
CFTd−1.
This fact reminds us the AdS/CFT correspondence [8][9].
However, it is a little bit curious to us who has studied the gauge theory of gravity
since old and not so popular era. For gravity is also one of the gauge theories as mentioned
above and there arises an expectation that the gauge theoretical view point of gravity may
shed new light on AdS/CFT and vice versa3.
This paper is organized as follows. In section 2, we review gravity of SO(2,3) gauge
group [4] corresponding to d = 4. Arguments are extended to general d in section 3. d = 2
has peculiar property and separately discussed in section 4. In these constructions, the
topological objects of the Chern-Pontryagin class and Chern-Simon class concerned with
the symmetry SO(2,d) play crucial roles in both gravity and gauge theories. Section 5 is
devoted to the discussions.
2 SO(2,3) Gauge Theory of Gravity
Before discussing SO(2,3) invariance we will very briefly review the relation between the
conformal transformation (1.2) and SO(2,d) [10]. We will describe conformally flat (1,d-1)
coordinates as xa. The infinitesimal conformal transfomation
x′a = xa + va(x) (2.1)
3We do not discuss on the supersymmetry in this letter.
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must satisfy
∂avb + ∂bva =
2
d
δab. (2.2)
The general solution to this equation is
va = pa + ωabx
a + λxa + fax
2 − 2xafbxb. (2.3)
This symmetry is described by the SO(2,d) invariant transformation acting on six com-
ponents projective coordinates ZA
ZA = (Za, Z−, Z+) (a = 1, .., d) (2.4)
with the constraints
Z2A = ZaZbη
ab − 2Z+Z− = 0, (2.5)
where Z± = Zd+1 ± Zd+2 for timelike Zd+1. Indeed if we define
xa =
Za
Z+
, (2.6)
SO(2,d) generators GAB = Z [ApB] produce (2.3). Gauge group of gravitation represents
the symmetry of the spacetime and naively we might consider the conformal symmetry
as the gauge group. We spontaneously break the conformal invariance by
(Zd+1, Zd+2) = (l, l) or (−l,−l). (2.7)
However, it needs a dimensional parameter l, which breaks conformal symmetry explicitly.
Thus we considered the gauge theory of gravity whose gauge group is reduced from SO(2,d)
to SO(2,d-1) [4] 4. In this section, hereafter we consider d = 4 and
Z21 + ...+ Z
2
4 + Z
2
5 = −l2. (2.8)
From gauge theoretical view point we may put SO(1,4) in place of SO(2,3) with l2 in
place of −l2. However, we consider SO(2,3) taking supergravity into consideration. (The
extra dimension must be compactified and in total ten dimensions, cosmological constant
must be zero.) Correspondng to SO(2,3), the covariant derivative is defined by
Dµ = ∂µ − iωµABSAB/2 (A,B = 1, ..., 4, 5) (2.9)
Here ωµAB are 4 × 10 connection fields and SAB are the generators of (anti) de Sitter
group. The field strength is derived from the commutation relation
i[Dµ, Dν ] = −RµνABSAB/2. (2.10)
RµνAB = ∂µωνAB − ∂νωµAB − ωµACωνCB + ωνACωµCB (2.11)
4The implication of conformal invariance in gravity is further discussed in section 5.
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The Einstein’s action is written as
I =
∫
d4xǫABCDEǫµνρσ(ZA/l)
[
RµνBCRρσDE/(16g
2) +DµZBDνZCDρZDDσZEσ(x){(Z2A/l2)− 1}2
]
.
(2.12)
Here ǫµνλσ and ǫABCDE are fully antisymmetric tensors with ǫ1234 = 1 and ǫ12345 = 1,
respectively (4, 5 are timelike components). It should be remarked that this action is a
geometrical invariant and that we do not introduce metric ad hoc. Hamilton formulation
of action (2.12) was given by [7]. After the gauge choice
ZA = (0, 0, 0, 0, l) (2.13)
DµZA = (∂µδAB − ωµAB)ZB = { ωµa5l ≡ eµa if A = a
0 if A = 5
. (2.14)
It is important that eµa transforms covariantly under the remaining 4-dim Lorentz rota-
tion. Generalized Riemannian tensor Rµνab is divided into two terms
Rµνab = R˚µνab − e[µaeν]b/l2. (2.15)
Here R˚µνab is the conventional Riemannian tensor defined by
R˚µνab = ∂[µων]ab − ω[µacων]cb (2.16)
and e[µaeν]b ≡ eµaeνb − eνaeµb.
Lgrav takes the form
Lgrav = P4(gravity) = ǫabcdǫµνρσRµνabRρσcd/(16g2)
= ∂µCµ4 − e
(
R˚− 6
l2
)
/(16πG), (2.17)
where
16πG ≡ g2l2 (2.18)
e = deteµa, R˚µa = e
νbR˚µνab, R˚ = e
µaR˚µa, (2.19)
and use has been made of
ǫabcdǫµνρσeµaeνbeρceσd = 4!e
ǫabcdǫµνρσeµaeνb = 2e e
[ρceσ]d etc. (2.20)
Here eµaeµb = δab, e
µaeνa = δ
µ
ν . The quadratic term in R˚µνab is total derivative ∂µCµ4
(the Gauss-Bonnet term). This gauge theoretical construction of gravity may shed new
light on the AdS/CFT correspondence [8] [9] which states the correspondence between
AdSd gravity and (d-1)dimensional cnformal field theory. Indeed, the Gauss-Bonnet term
in (2.17) does not affect the equation motion but does the boundary like event horizon
of Black Hole (BH). So this may change the scenario of near-horizon extreme BH like
Reissner-Nordstrom and Kerr etc. [11]. This is indeed the case and the special combina-
tions of (2.17) gives the conserved mass and angular momentum for Kerr-AdS BH [12].
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As we will show in the next section, we have higher derivative terms other than the linear
Einstein and cosmological terms. These also modify BH solution.
Three dimensional action of Yang-Mills gauge field F aµνT
a ≡ Fµν ,
S =
∫
d3x
−1
2g2
TrFµνF
µν . (2.21)
has dimensional coupling (mass dimension of g is 1/2) and not SO(2,3) invariant. In
the above arguments, AdS4 has been derived with 4-dimensional Chern-Pontryagin index
P4(gravity). Unlike the SO(2,3) invariant gravity, the corresponding counterpart in gauge
theory P4(gauge) is total derivative, being related with 3 dimensional Chern-Simon term
as follows.
Lgauge = P4(gauge) = − 1
32π2
TrǫµνρσFµνFρσ
= ∂µCµ4 (gauge), (2.22)
where
Cµ4 (gauge) = −
1
8π2
Trǫµνρσ
(
Aν∂ρAσ +
2
3
AνAρAσ
)
. (2.23)
Cµ4 lives in one dimension lower than the Chern-Pontryagin P4 [13][14], and we may
consider
C(0)4 (A) = −
1
8π2
Trǫνρσ
(
Aν∂ρAσ +
2
3
AνAρAσ
)
. (2.24)
C(0)(A) may be called a 0-cochain [13][14] and
C(0)4 (AU) = C(0)4 (A) +
1
8π2
Trǫνρσ∂ (aρAσ) +
1
24π2
Trǫνρσaµaνaσ
≡ C(0)4 (A) + ∆C(0)4 , (2.25)
where aν = ∂νUU
−1. ∆C(0) is also total derivative ,
∆C(0)4 = ∂µC(1)µ4 (A,U) (2.26)
and we obtain one-cochain
C(1)4 (A,U) =
1
8π2
TrǫαβaαAβ +
d−1
24π2
Trǫαβγaαaβaγ . (2.27)
Here d−1 is simbolic of integral and the explicit form is given for the specfic case of SU(2)
gauge in [13]. Thus (2.24) is gauge invariant up to topological winding number. The
dimensional descent is continued further:
∆C(1)4 = C(1)4 (AU1 ;U2)− C(1)4 (A;U12) + C(1)4 (A;U1) (2.28)
= ∂µC(2)µ4 (A;U1, U2) (2.29)
The explicit form of 2-cochain C(2)µ(A;U1, U2) is given in [15]
Thus P4(grav) and C(0)4 (gauge) are correspondents of AdS4/CFT3. They are related
with SO(2,3): In the former, it is local gauge group of gravity, and in the latter it is global
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symmetry of gauge theory. C(1)4 (A,U) is related with CFT2 as will be shown in the next
section.
In the following sections, this is generalized to P2n(grav) and C2n(gauge) for d = 2n.
d = 2n + 1 cases are also discussed. Though gravitational part for d = 2n + 1 is not
described as such topological object unlike that of d = 2n, procedures are quite analogous
to d = 2n cases.
3 SO(2,d-1) Gravity for d 6= 2
We have started with d = 4 dimensional spacetime with SO(2.3) gauge group. This
formulation is easily extended to d = 5, five dimensional spacetime. That is
I = −
∫
d5xǫABCDEF ǫµνρσλ(ZA/l)DµZB
[
RνρCDRσλEF/(48g
2l)
+ DνZCDρZDDσZEDλZFσ(x)
6∑
A=1
{(Z2A/l2)− 1}2
]
. (3.1)
with
ZA = (0, 0, 0, 0, 0, l). (3.2)
In this case
DµZA = (∂µδAB − ωµAB)ZB = { ωµa6l = eµa if A = a
0 if A = 6
, (3.3)
Here µ and a run over 1,..,5 in world and local Lorentz coordinates, respectively. Conse-
quenly (3.1) is reduced to
Lgrav = ǫ
abcdeǫµνρσλeµaRνρbcRσλde/(48g
2l)
= ǫabcdeǫµνρσλeµaR˚νρbcR˚σλde/(48g
2l)− e
(
R˚− 10
l2
)
/(16πG5) (3.4)
with 16πG5 = g
2l3. Thus we obtain AdS5 as the vacuum solution. In this case, however,
higer derivative terms (the first term of (3.4)) are not total derivatives and change the
equation of motion in high energy region and do therefore Black Hole solution and its
near horizon property.
Corresponding to SO(2,4) in gauge theory is
Sgauge = − 1
2g2
∫
d4xTrFµνF
µν +
∫
d4xP4(gauge), (3.5)
where P4(gauge) is defined in (2.22). (3.4) and (3.5) constitute the correspondents in
AdS5/CFT4 at least from the invariance property.
In six dimensional spacetime, gauge group of gravity is SO(2,5), and gravity action is
Lgravity = −ǫABCDEFGǫαβµνρσ [(ZA/l)RαβBCRµνDERρσFG] . (3.6)
Further processes follow anologously to the preceeding arguments. By the gauge choice
ZA = (0, 0, 0, 0, 0, 0, l), (3.6) becomes
Lgrav = ∂µCµ6 (R˚) + quadratic of R˚.. − eR˚ + cosmological const. (3.7)
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Thus we obtain the Einstein equation with negative cosmological constant in low energy.
However, it includes terms quadratic in Riemannian tensor and Pontrjagin C6(R˚) term.
The corresponding counterpart of gauge action is
Lgauge =
1
384π3
ǫαβµνρσTrFαβFµνFρσ (3.8)
= ∂σCσ6 (gauge) (3.9)
with
Cσ6 ≡
1
192π3
ǫσαβµνρTr
(
FαβFµνAρ − FαβAµAνAρ + 2
5
AαAβAµAνAρ
)
. (3.10)
and
C(0)6 =
1
192π3
ǫαβµνρTr
(
FαβFµνAρ − FαβAµAνAρ + 2
5
AαAβAµAνAρ
)
. (3.11)
Thus P6(gravity) and C(0)6 (gauge) are related with SO(2,5). We may add kinetic terms
using scalar φ of mass dimension 1 and CFT5 is,
φ(∂φ)2 + φF 2µν + C(0)6 (gauge). (3.12)
C(1)6 (gauge) defined analogously to (2.28) may be added into (3.5).
For d = 7, AdS7 is straightforward and omit to describe it. The counterpart of gauge
theories are guided by renormalizability [16]
ΦF 2µν +B ∧ F ∧ F + (∂Φ)2 + (dB)2 + ..., (3.13)
where a scalar Φ and a two form Bµν both of dimension 2. Unlike for d ≤ 5, we have no
idea to derive (3.13) from the dimensional descent of higher Cd since gauge field Bµν has
2 dimensional world volume peculiar to superstring or supergravity.
The same procedures are performed for d = 3 dimensinal case, SO(2,2) gravity.
I =
∫
d3xǫABCDǫµνρ(ZA/l)DµZB
[
RνρCD/(2g
2l) +DνZCDρZDσ(x)
4∑
A=1
{(Z2A/l2)− 1}2
]
.
(3.14)
After the gauge fix ZA = (0, 0, 0, l), (3.14) is reduced to
Sgrav = −
∫
d3xǫabcǫµνρeµaRνρbc/(2g
2l)
= −
∫
d3xe
(
R˚ − 6
l2
)
/(16πG3), (3.15)
where g2l = 16πG3. The SO(2,2) invariant gauge theory is naively
Igauge = − 1
2g2
∫
d2xǫµνFµν =
∫
d2xP2(gauge) (3.16)
but it is topological invariant. The corresponding gauge counterpart is the WZW model
[17]
IWZW =
1
4π
∫
d2xTr(azaz) + C(1)4 (A,U). (3.17)
Here aν is defined at (2.19) with z = x− it. C(1)4 (A,U) is given by (2.27).
We have extended our formulation to d = 3, 5, 6, 7. d = 2 case is discussed in the
next section.
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4 SO(2,1) Gravity
Two dimensional gauge theory of gravity is special in the sence that its gauge group
SO(2,1) has an infinite set of generators,
Lm =
T
2
∫ pi
0
e−2imσT−−dσ (m : integer)
L¯m =
T
2
∫ pi
0
e2imσT++dσ. (4.1)
These generators satisfy the Virasoro algebra
[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m)δm,−n. (4.2)
Usually this corresponds to the fact that
S = −
∫
d2x
√−g(R− Λ) (4.3)
is total derivative. The following non trivial action was proposed by Jackiw and Teitelboim
[18].
S = −
∫
d2x
√−g(R− Λ)N (4.4)
with auxiliary field N . This action was formulated as the SO(2,1) gauge theory of gravity
by us [19]. Naively we might consider
S = −
∫
d2xǫABCǫµνRµνABZC/l. (4.5)
Unfortunately, this leads us to (4.3).
However, two dimensionality has the peculiar property that the scalar fields (we denote
them as φA) have the canonical dimensionality 0, which makes us possible to construct
S = −1
2
∫
d2xǫABCǫµνRµνABφC . (4.6)
The equations of motion derived from (4.6) are
RAB = dωAB − ω2AB = 0, (4.7)
DφA = dφA − ωABφB = 0, (4.8)
where RAB =
1
2
RµνABdx
µ ∧ dxν , ωAB = ωµABdxµ. By decomposing (4.7) into (0,1) and
(a,2) components, we obtain
0 = dea − ωabeb (a, b = 0, 1), (4.9)
0 = dω01 − e0e1/l2. (4.10)
In the same way, (4.8) gives
0 = dφa − ωabφb + eaφ2/l, (4.11)
0 = dφ2 + eaφa/l. (4.12)
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(4.12) is used to describe φa in terms of φ2(≡ N) and (4.11) becomes the equation of
motion for N,
φa = −leµa∂µN, (4.13)
0 = (∇µ∇ν − gµν✷)N + gµνN/l2. (4.14)
(4.10) and (4.14) are exactly the same ones derived from (4.4). The canonical form of
(4.6) was also given by [19] and two generators satisfy the conformal algebra without
central charge
{Hf
⊥
,Hg
⊥
} = {Hf1 ,Hg1} = Hh1 ,
{Hf
⊥
,Hg1} = Hh⊥, (4.15)
where
h = f∂1g − g∂1f,
Hf
⊥
=
∫
dx1fH⊥, etc. (4.16)
The explicit forms of H⊥, H1 are given in [19] and represent two dimensional diffeomor-
phism generators after gauge fixing
eµa = e
χδµa. (4.17)
The gauge part of this SO(2,1) is
P2(gauge) = − 1
2π
TrǫµνFµν
= ∂µCµ2 (4.18)
with Cµ2 = − 12piTrǫµνAν and
C(0)2 (A) =
1
2π
TrA. (4.19)
5 Discussions
We have argued that gravity in d dimensional spacetime is formulated as the gauge theory
of SO(2,d-1). The same but global symmetry is shared with conformal field theory in
d-1 dimensional flat spacetime. AdS/CFT correspondence has been discussed in the
framework of nonsusy local field theory. In both gravity and CFT, the Chern-Pontryagin
index P2n, especially P4, play a crucial role. In P4(gravity), Einstein gravity, linear term
in the Riemannian tensor, survives by virtue of scale violation. Whereas, the Lagrangian
of gauge part appears as the dimensional descents 0, 1−cochains of C4(gauge) + kinetic
terms in three, two dimensions, respectively.
Gravitational Lagrangian has the surface term and higher derivative terms for d ≥ 4,
which may change the boundary condion of BH solution and affect Reisner-Nordstrom and
Kerr/CFT correspondence [11]. More concretely speaking, Strominger et.al. identified
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near event-horizon extreme Kerr with CFT2 by the central charge [11]. If the surface
term appeared in our theory modifies the central charge, this correspondence may be
affected. These are the soliton solution of gravity.
Gauge theory of gravitation allows the other kind of soliton solution. Let us consider
the case of d = 5 case. we adopted the gauge (3.2). However we may set the kink solution
ZA = (0, 0, 0, 0, 0, l) at x
5 ⊂ (0,∞)
ZA = (0, 0, 0, 0, 0,−l) at x5 ⊂ (−∞, 0) (5.1)
In this case the solution has the kink of step function at x5 = 0. This may be interpreted
3 dimensional brane. Of course this is too simplified and we will discuss the detail of this
process in separate form.
Lastly we comment on the conformal invariance of the gravity. For gravity, conformal
transformation takes the form
vµ;ν + vν;µ =
2
d
gµν (5.2)
in place of (2.2). Here vµ;ν implies the covariant derivative. The invariance under (5.2) is
recovered by the conformal (Weyl) tensor
Cµνρσ = R˚µνρσ − 1
d− 2 (g
µρSσµ − gµσSρν − gνρSσν + gνσSρµ) (5.3)
with
Sµν = R˚µν − 1
2(d− 1)g
µνR˚. (5.4)
This tensor vanishes iff the spacetime is conformally flat. In d = 3, this tensor vanishes
identically but not all three dimensional spacetime is conformally flat. So this tensor does
not characterize conformal flatness in d = 3. The ”Weyl” tensor in d = 3 is given by
C(0)4 (A) of (2.23) with replacement of A by the Christoffel symbol,
SCS(gravity) =
∫
d3xC(0)4 (Γ) = −
1
8π2
∫
d3xTrǫνρσ
(
Γανβ∂ρΓ
β
να +
2
3
ΓανβΓρλβΓ
λ
σν
)
(5.5)
The new Weyl tensor Cµν is given by the variation [20]
δSCS =
1
4π2
∫
d3x
√
gCµνδgµν (5.6)
and
Cµν =
1
2
√
g
(
ǫµρσRνσ;ρ + ǫ
νρσRµσ;ρ
)
. (5.7)
Thus the conformally flat transformation in gauge theory and conformal transformation
in gravitation had some formal correspondence in the same dimension. However, in the
real world, the gravitation breaks the scale invariance and new kind of correspondence,
AdSd/CFTd−1, appears.
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